Waveguides at interfaces with a linearly graded permittivity between a metal and a dielectric are studied. Analytic expressions for the dispersion relations, modes, losses, and cutoff wavelengths are derived and agree well with simulations. The gradation results in anomalous dispersion, a reduction in the energy velocity, and increased field confinement in the metal-dielectric transition region. These effects lead to increased propagation losses, which are sensitive to the spatial extent of the interface gradation. © 2011 Optical Society of America OCIS codes: 240.6680, 240.6700, 260.2030. Surface plasmon polaritons (SPPs) are electromagnetic waves strongly coupled to electron density oscillations that propagate at the interfaces between metals and dielectrics. SPPs tightly confine optical energy at the metal-dielectric interface. This phenomenon has applications in, for example, nonlinear optics and electronic integration [1, 2] . The tight optical confinement also means that SPPs are highly sensitive to surface properties, and as such, the impact of surface roughness on SPP losses has been a subject of extensive investigation [3, 4] . A second surface effect is the gradation of interfaces, which can be formed by design with metamaterials [5, 6] , by material diffusion during deposition, annealing [7] , or resistive heating [8] , or by free carriers in semiconductors [9, 10] . Gradation can significantly affect SPP properties, and diffusion is of particular importance in active plasmonic devices. Transmission across interfaces graded between positive and negative permittivities has been studied previously in the optical regime in metamaterials [5, 6] , and at radio wavelengths in plasmas [11] .
Surface plasmon polaritons (SPPs) are electromagnetic waves strongly coupled to electron density oscillations that propagate at the interfaces between metals and dielectrics. SPPs tightly confine optical energy at the metal-dielectric interface. This phenomenon has applications in, for example, nonlinear optics and electronic integration [1, 2] . The tight optical confinement also means that SPPs are highly sensitive to surface properties, and as such, the impact of surface roughness on SPP losses has been a subject of extensive investigation [3, 4] .
A second surface effect is the gradation of interfaces, which can be formed by design with metamaterials [5, 6] , by material diffusion during deposition, annealing [7] , or resistive heating [8] , or by free carriers in semiconductors [9, 10] . Gradation can significantly affect SPP properties, and diffusion is of particular importance in active plasmonic devices. Transmission across interfaces graded between positive and negative permittivities has been studied previously in the optical regime in metamaterials [5, 6] , and at radio wavelengths in plasmas [11] .
In this Letter, we analyze SPP propagation along graded metal-dielectric interfaces at optical frequencies. We study a geometry where the permittivity is linearly graded from its value in the dielectric to the bulk value in the metal. Because the permittivity is everywhere continuous, we find drastically different dispersion relations from those near the surfaces between degenerately doped semiconductors and a vacuum [9, 10] . Our results show that although no bound modes exist in the idealized case of lossless materials, they do exist at graded interfaces in the case of real, lossy metals at the expense of increased propagation losses because of anomalous dispersion.
We begin by describing the dispersion relations and field distributions of SPPs at graded metal-dielectric interfaces. The spatially-dependent permittivity is taken to be ϵðx; ωÞ ¼ 8 < : permittivity of the metal, and t is the thickness of the graded region, 0 < x < t, which is modeled by a linearly varying permittivity. Since we consider the regime where t is much smaller than the wavelength, the linear permittivity profile would be the lowest order approximation to an arbitrary profile. Since SPPs are TM-polarized, and our geometry is infinite in y, we set the magnetic field H ¼ H yŷ and find modal solutions of the form H y ðxÞ expð−jk spp zÞ, where k spp is the SPP propagation constant in the z direction. With Eq. (1), the vector wave equation for the magnetic field in the graded region reduces to
, and k 0 is the freespace wavenumber. We solve Eq. (2) using a series solution and the method of Frobenius [12] . The solution is
where C 1 and C 2 are constants, and κðξÞ and σðξÞ are converging polynomials. The first few terms are
Assuming an exponential decay of the fields outside the graded region, as required of bound SPPs, leads to an implicit equation for k spp that can be solved at each value of ω. With k spp known, the electric and magnetic field profiles can be determined.
The dispersion relations and mode profiles for several values of t between 0 and 50 nm are shown in Figs. 1 and 2, respectively. For the calculations, ϵ d ¼ 10 and ϵ m ðωÞ were fitted to data from Johnson and Christy [13] using the Drude model for gold. Terms up to Oðξ 8 Þ were kept in calculations using Eq. (4). The analytic results were compared against finite element mode-solver simulations, which agreed to within 2% for all calculations. The discrepancy can be attributed to the finite number of terms kept in Eq. (4) and numerical discretization. Figure 2 shows that both the electric and magnetic field intensities, jEj 2 and jHj 2 , peak where Re½ϵ ¼ 0, as expected from field continuity conditions. The tangential field components, H y and E z , are continuous, so they have rounded peaks in the graded region. However, the normal component of the electric displacement field, ϵðxÞE x , is continuous, and so E x peaks sharply where Re½ϵ ¼ 0, and would diverge if not for the finite imaginary component Im½ϵ.
The dispersion relations in Fig. 1 show that the phase (v p ¼ ω=k spp ) and group (v g ¼ dω=dk spp ) velocities of SPPs at graded metal-dielectric interfaces can apparently grow without bound as t=λ increases. This is in contrast to the dispersion relations at the surfaces of degenerately doped semiconductors with carrier depletion or accumulation regions, in which the frequency reaches a maximum and decreases for larger k spp [9, 10] . The anomalous dispersion in Fig. 1 can be attributed to the increased field confinement in the transition regions where jRe½ϵj < 1. Even though v g can become superluminal in the dielectric, the energy velocity, v e , decreases as t=λ increases. The energy velocity is
where S z is the z component of the Poynting vector. Figure 3 (a) shows that the difference between v g and v e increases with t=λ. For abrupt interfaces, v g ¼ v e , as is true when second and higher order derivatives of ωðkÞ can be ignored. The reduction of v e can be explained by examining S z ðxÞ, as shown in Fig. 3(b) . We observe that as t increases, the negative portion of the power flow carried in the transition and metal regions increases relative to the positive portion carried in the dielectric, reducing the net forward power flow. Moreover, since Im½ϵ ≠ 0 only where x > 0, the greater fraction of power carried in the x > 0 region also implies increased propagation losses. More precisely, from power conservation, we find that the per length propagation loss is given by the Ohmic loss normalized by v e ,
Figure 4(a) shows the propagation losses for several wavelengths as a function of t, as calculated from Eq. (6), and as inferred from Im½k spp . The two approaches show excellent agreement, confirming the validity of Eq. (6). Therefore, from Eq. (6), the field profiles, and v e , we can understand the increased losses with t as arising from (1) the greater overlap of the electric field amplitude with the metal and transition region, i.e., the numerator of Eq. (6) increases; and (2) the reduction in the net forward power flow, i.e., the denominator of Eq. (6) also decreases. Clearly, abrupt interfaces are critical for lowloss propagation. Compared to SPPs at abrupt interfaces, the losses for a 5 nm gradation are two to five times higher, and for a gradation of 50 nm, losses can be nearly 40 times higher over the material parameters and wavelength range studied. The sensitivity of the losses to the interface gradation motivates a reconsideration of the waveguide cutoff condition. For abrupt interfaces, the SPP cutoff condition is ϵ 0 m ðωÞ ¼ −ϵ d ; and in contrast to dielectric waveguides, wavelengths shorter than the cutoff wavelength are not guided at the metal-dielectric interface. For SPPs at graded interfaces, this cutoff condition no longer holds, since the fields are partly confined within a transition region. To quantify a cutoff condition, we again consider the power flow. As a guided mode is attenuated along z, power must radiate along x from the dielectric into the lossy transition and metal regions to maintain the spatial profile of the mode. This means the transverse wave vector must be complex. Thus, we set the cutoff condition to be where k xd ¼ jðk
1=2 is the transverse component of the wave vector in the dielectric [14] . Equation (7) sets an upper limit to the attenuation for a field solution to be considered as a mode. For the case of an abrupt interface, Eq. (7) is equivalent to the familiar SPP cutoff condition of ϵ 0 m ðωÞ ¼ −ϵ d . Figure 4(b) shows that abrupt interfaces are particularly essential at short wavelengths, since the cutoff wavelength decreases with t, and nearly doubles as t is increased from 0 to 50 nm.
Despite the increased losses, there are potential advantages to graded permittivity geometries. For example, if the dielectric has sufficient gain such that the interface is amplifying where the fields peak, a gain enhancement can be expected. The enhanced fields in the transition region may find applications in sensing, and the modified dispersion and field profiles may be useful for SPP coupling.
In conclusion, we have analyzed SPPs at graded metaldielectric interfaces. Gradation leads to an increased confinement of the electric and magnetic fields in the transition and metal regions and a reduction in the power flow, which results in increased propagation losses. The losses are extremely sensitive to the spatial extent of the diffused interface. These results motivate further studies on the permittivity profiles and atomic composition of metal-dielectric interfaces for plasmonic applications. 
